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Abstract

The flammability limit, radiation extinction of stretched premixed flame and effect of non-unity Lewis numbers
are analyzed by the large-activation-energy asymptotic method. Particular attention is paid to the effect of Lewis
number, the upstream and downstream radiation heat losses as well as the non-linearity of radiation. Explicit
expressions for the flame temperature, extinction limit and flammability limit are obtained. The C-shaped extinction
curve is reproduced. The dependence of radiation heat loss and the Lewis number effect on the stretch rate and
flame separation distance is investigated. The effects of fuel Lewis number, oxidizer Lewis number, upstream
radiation heat loss and the non-linearity of radiation on the C-shaped extinction curve are also examined. The
results demonstrate a significant influence of these parameters on the radiation extinction and flammability limit and
provide a good explanation to the experimental results and numerical simulations. © 1999 Elsevier Science Ltd. All

rights reserved.
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1. Introduction

The development of low NO, and CO, emission
combustors and fire safety control require accurate de-
termination of the flammability limit. It is well known
that radiation heat transfer is a dominant mechanism
for near limit flames [1-7] and is characterized by a
very strong non-linearity as well as spectral depen-
dency [8]. A recent study by Ju et al. [8] using the stat-
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istical narrow-band model showed that a fundamental
flammability limit exists for a gas mixture due to radi-
ation heat loss via the difference between the spectral
characteristics of reactant and product and tempera-
ture broadening of the emission spectra.

However, the flammability limit can be changed
through the appearance of flame stretch and curvature.
A series of experimental, numerical and theoretical
studies [9-17] have made it clear that the flammability
limit of stretched or curved flame below a critical
Lewis number can be lower than the fundamental
flammability limit. It was shown that the extended
flammable region is due to the existence of the Near
Stagnation plane Flame (NSF) and the flammability
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Nomenclature

A constant defined in Egs. (25)

a velocity gradient in the axial direction

B constant defined in Eq. (23)

C constant defined in Eq. (36)

C, constant defined in Eq. (36)

D, Damkohler number, Eq. (5)

E activation energy

F functions defined in Egs. (10) and (23)

Hy function defined in Eq. (7)

k flow geometry (0: Cartesian; 1: axisymme-

trical)
ko frequency factor of reaction
Le; Lewis number of species i
M; molecular weight of species i
m fraction of the downstream radiation heat

loss in chemical heat release
n parameter defined in Eq. (34)
Kp Planck mean absorption coefficient
Po parameter defined in Eq. (33)
0 chemical heat release per unit mass
R universal gas constant
T temperature normalized by 0/C,,
T,

a non-dimensional activation temperature,
EC,/RQO
X axial coordinate normalized by

JA/pCpalk +1)

VE fuel concentration at inner zone

Y; mass fraction of species i normalized by
viM i/VFM F

z coordinate defined in Eq. (11)

p density

7 coeflicient of heat conductivity

Vi stoichiometric ratio

w reaction rate defined in Eq. (4)

¢ small parameter, T 3T,

£, 1, { inner coordinate

0 inner temperature

G Stefan—Boltzmann constant

A reduced Damkohler number defined in Eq.

(34

Subscripts and superscripts
extinction
flame
fuel
species or temperature
oxidizer
radiation
outer solution

, — burned, unburned sides
infinity

QS Oommo

limit of the stretched flame below the critical Lewis
number is characterized by the limit of the NSF [15-
17]. The flammable region of the NSF is bounded by
the stretch extinction limit at large stretch and the
radiation extinction limit at low stretch. Numerical
simulations [13—17] further demonstrated that multi-
flame bifurcations are intrinsic phenomena of radiative
stretched flames and the limits of these flame regimes
are sensitive to the Lewis numbers of reactants and to
both upstream and downstream radiation heat losses,
particularly at low stretch. However, numerical simu-
lations can not provide an explicit correlation between
the extinction limits and the above individual par-
ameters, which is very important for parameter selec-
tion in engine design and fire safety control. Therefore,
to bring a clear understanding of the extinction mech-
anism and obtain an explicit correlation of the flam-
mability limit, it is necessary to perform an analytical
study to investigate the effects of Lewis numbers of
both the fuel and oxidizer, the non-linearity of radi-
ation, and the upstream and downstream radiation
heat losses.

It has been shown that the activation energy asymp-
totic analysis [18,19] is an important way to under-

stand the physics of the flame. Radiation effects on the
extinction of stretched diffusion flames have been
extensively studied by using this method [20-22].
However, analytical studies on radiative stretched pre-
mixed flames are relatively few, particularly when the
non-linearity of radiation heat loss is taken into
account. The first analysis of the radiative counterflow
premixed flame is conducted by Sohrab and Law [23].
The analysis successfully examined the flame extinction
by considering the non-linear radiation heat loss.
Unfortunately, the flammability limit and radiation
extinction at low stretch rate was not examined and
the analysis was confined to unity Lewis number.
Therefore, it is not clear to what extent the Lewis
number effect and the radiation heat loss affect the
flammability limit and the radiation extinction. The
radiation extinction of counterflow premixed flame was
later analyzed by Buckmaster [14]. The analysis suc-
cessfully reproduced the C-shaped extinction curve [9—
12] and showed four typical kinds of flame bifur-
cations. The analytical results agree qualitatively well
with the results of an independent numerical study
[13]. However, like the conventional treatment, the
radiation heat loss is simplified by using a linearized
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heat loss term. Furthermore, the analysis is emphasized
only on the fuel Lewis number below unity and the
upstream radiation heat loss of flame front is
neglected. Therefore, it is still unknown how the non-
linearity of the radiation and the upstream radiation
heat loss affect the flammability limit. In view of the
above discussions, the purpose of the present study is
to analyze the flammability limit and radiation extinc-
tion limit of the counterflow premixed flame using the
asymptotic strategy [18,23] and to examine the effects
of the Lewis number of the fuel and the oxidizer,
upstream and downstream radiation heat loss as well
as the non-linear characteristics of radiation heat loss.
The present analysis is an extension of the studies of
[18] and [23] and a complementation to the research
work of [14].

2. Formulation

The axisymmetric counterflow premixed flame con-
figuration is adopted here. Twin flames are formed
near the stagnation plane of the two opposed mixture
flows. Because of the symmetry, we only need to con-
sider the solution in the region of [0, co] (see Fig. 1).
Based on the constant thermal property assumption,
the non-dimensional conservation equations for energy
and species can be written as

dT+ d’r
ot
dx = dx?2

=-D,0 + ¢

dYs 1 &Yp

x—r =D
e L dx? 2@
dYo 1 d*Yo
X— = D 1
Y ix Leo dx? @ M
A
T
Tod
T L~
0O(e)
O(s) ®
0 xf X >

Fig. 1. The schematic model of the analysis.

with boundary conditions

X— + 00; T:Twép/Q_a Ye = ?Foo;
Yo = YosVEMp/voMo
x—0; dT/dx=0, dYp/dx=0, dYo/dx=0. (2)

Here the parameters with and without overbar denote
the dimensional and non-dimensional variables, re-
spectively. x is the axial coordinate normalized by

N C_'pd(k—l— 1). T, Yr and Yo are, respectively, the
non-dimensional temperature, fuel and oxidizer mass
fractions normalized by Q/Cp, | and voMo/veME. d is
the stretch rate and k is the flow configuration. p is
the density. C,, 2 and Q are, respectively, the specific
heat at constant pressure, thermal conductivity and
chemical heat release per unit mass of fuel. v; and M,
denote the stoichiometric ratio and the molecular
weight, respectively. Subscript ‘co’ represents the par-
ameters at infinity.

On the right-hand side of Eq. (1), ¢, is the non-
dimensional volumetric heat loss and is approximated
by the optically thin grey gas model for simplicity

= =3
4K ;o T4—-T4
g = p4Q( co) ?3)
Copa(k+1)

where ¢ and Kp are, respectively, the Stefan—
Boltzmann constant and the Planck mean absorption
coefficient of the mixture. w and D, in Eq. (1) denote
the non-dimensional reaction rate and the Damkd&hler
number. By adopting the one-step irreversible reaction
model,  and D, can be written as

o = YrYo exp(—=T,/T) 4)

D, = kovop /a(k + 1)M. (5)

Here, T, is the non-dimensional activation temperature
and k, is the frequency factor of the reaction.

3. Outer solution

In the limit of large activation energy, chemical reac-
tion is limited to a very thin region at x; (flame lo-
cation, see Fig. 1) with a thickness of O(¢). ¢ is a small
parameter defined as T3/T, and T} is the flame tem-
perature. In addition, since the radiation heat loss
depends on the Planck mean absorption coefficient and
has a strong non-linearity of temperature, it is only im-
portant in a region around the thin reaction zone,
where both the temperature and the concentration of
the emitting gas are high. Thus, the solution domain
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can be divided into three regions: the inner reaction
zone of O(¢), the radiation—convection—diffusion zone
of O(¢;) and the outer convection—diffusion zone. In
this analysis, the total radiation heat loss is an O(c¢) of
the total chemical heat release and the Lewis numbers
of the fuel and the oxidizer deviate from unity only by
an O(c).

In the convection—diffusion zone, the radiation term
and reaction term in Eq. (1) can be omitted. The sol-
ution of temperature and species mass fractions can be
obtained by integrating Eq. (1). At x > x;, we have

T ¥
T=Ty+ —J exp(—n*/2) dn
HTf o]

Yioo [¥
Yr = Yoo — HLFJ exp(—Lern®/2) dy

o0

Yor — Yoo [*
Yo= You+ 2220 expi-Lor/Ddr ©
of 00
where
X ¢
Hy = J exp(—Len’/2) dn — /57—,
0 2Lei )

i=T,F,0;, Log=1.

At x < xy, the solutions can be given as

T=T,, Yr=7Yr, Yo=7Yo (3)

where ‘f” in Eq. (6) denotes the variables at flame lo-
cation and ‘0’ in Eq. (8) denotes the outer zone sol-
utions on the side of stagnation plane.

As mentioned earlier, it is assumed in the present
analysis that the Lewis numbers of both the fuel and
the oxidizer deviate from unity only by O(¢), a jump
condition for fuel and oxidizer mass fraction can be
obtained as

1 [dye]t 1 [dYo ]t
Ll -] -
Lep dx |_ LeO dx |_

Then we have

Yor = Yoo — YreoF(Ler, Leo, X1)

LeoHor
LepHyg

F(Ler, Leo, x¢) = exp[x7(Leo — Ler)/2].  (10)
4. Radiation zone

In the radiation—convection—diffusion zone, the
chemical reaction can be omitted. By introducing

z= \/gHT(x) (1n
T

where Hr(x) is defined in Eq. (7). The energy equation
in Eq. (1) can now be written as

d&’r

& -
dz2

= —nD, exp(x®)w + 1 exp(x?)g;. (12)
Following the formulation of Sohrab and Law [23],

the thickness of radiation zone can be considered as
O(¢,) with

d(in T)
ain g > (13)

Therefore, the radiation heat loss and the temperature
T can be expanded using ¢,

1>>(r:

qr = qut exp[(T — Tt)/&: Tt

T = T; + &0, (14)

Here ¢, is the radiation intensity at flame location and
0, denote the derivation of temperature from the flame
temperature due to radiation heat loss.

By employing an inner coordinate &, in the radiation
zone,

&= —z)/e 15)
Eq. (12) can be rewritten as

2&9r

5 = —TDy exp(x?)w
der (16)

+mec gyt exp(x% + 0,/ Ty).

By integrating the above equation and matching with
the outer solution, we can obtain

|:<d0 )2} [ do 2T

= =4, (*) =q; . (7
) | . i) | .

Here ‘+’ and ‘—’, respectively, denote the location of
the burned and unburned sides of the flame front ¢F
and the corresponding heat fluxes are

gt =ne exp(x} )qr% T. (18)

5. Reaction zone

In the reaction zone, the convection term and the
radiation heat loss are very small compared with the
diffusion and reaction terms. Thus the energy equation
and the fuel conservation equation can be written as
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d&*T

e TP

1 d*Y,

i W; = Dw. (19)

A jump condition can be obtained as

+ +
|:dT:| + : [%] =0. (20)

dx |- Lep| dx

By using the outer solution given in Eq. (6) and
Yer=0 (the present study deals with fuel lean flames),
the jump condition of heat flux can be given as

[dT]*_ Yeeo

- - —Lepx?2/2). 21
o T Her exp(—Lerx:/2) 21

Combining Egs. (17) and (21) and using outer sol-
utions, a relation between the chemical heat release,
the radiation heat loss and the conduction heat loss
can be obtained as

BYT(T4—-T4
YFooF(LeF, xf) = 7f( _f oo)

a
B-T{(T4—-T*
+\/ -
(22)
where
HTf 2
F(Lep, X5) = —(Lep — Dx2)2
(Ler, X1) T exp[—(Ler — 1)x5/2]
_ 3
8¢, K i
B* = H%f exp(x%)Ar, A = _ZiQ. (23)
Coplk+1)

Yroo and F(L.g, x¢) on the left-hand side of Eq. (22),
respectively, denote the temperature increases due to
chemical heat release and the Lewis number effect. The
first and second terms on the right-hand side respect-
ively represent the heat flux induced by the down-
stream radiation heat loss and the sum of the heat
fluxes induced by upstream radiation heat loss and
thermal conduction on the unburned side. The adia-
batic flame temperature can be obtained by setting the
radiation heat loss to zero in Eq. (22). Moreover, Eq.
(22) reduces to the result of [23] if the Lewis number
effect is neglected and the radiation heat loss is
assumed to be independent of the stretch rate and tem-
perature distribution. In order to close the equations,
we still need to correlate the Damkoéhler number with
the flame temperature.

Since our interest here is the lean flammability limit,

the fuel is always the insufficient species. By expanding
the temperature and mass fraction of fuel in the reac-
tion zone using the small parameter ¢,

T=T;—¢0, Yp=c¢yr (24)

and using an inner coordinate

Lep Hry

(=(x—xp)/ed, A= T Ve exp(Lerx7/2)  (25)

the energy equation can be rewritten as

d*0

— = Dyed’o
agz
1 d2yp 2
— —— =D,cd°w 26
LeF déz ( )

with boundary condition

do
d¢

m %
> dé

=1-m. 27

&—+o0

{——o00

Here m denotes the fraction of the downstream radi-
ation heat loss of the chemical heat release

\/B+Tf(T;* —T4)/a
m= . 28
YFooF(LeFa xf) ( )

By integrating Eq. (26) and matching with outer sol-
ution, we can obtain a relation between the tempera-
ture and fuel concentration

Vi = (04 m)Ler. (29)

Substituting Eq. (29) to Eq. (26) and expanding the
reaction source term, the energy equation is reduced to

d*e

d_ﬁz = A(mé + 0) exp(—0) (30)
where

A = D@ A Lep Yor exp(—Ta/Ty). 31

Eq. (30) and boundary condition (27) can be further
rewritten in the Linan’s equation form

d2
2—T =1 exp(—m{ —1)

d¢?
dr dr
T4 PR Td B G2

using the transformation
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{=-&—po/m, ©=0-—m{— po,
(33)
po = In(2A).

By matching the inner temperature solution of Eq. (32)
with the outer solution, the relation between the
Damkohler number and the flame temperature as well

as the radiation heat loss can be obtained as
A =exp(—mn)/2, n=lim;,_(t+ ). (34)

Eq. (32) has been examined by Linan [18] and an ap-
proximate expression of nm as a function of m is given
as

—02<m<0.5:

nm = 1.344m — 4m*(1 — m)/(1 — 2m) + 3n?®
—In(1 — 4m?)

—0.2 > m: nm = —In(0.6307m* — 1.344m + 1). (35)

Combining Eq. (34) with Eq. (31), the final form of
the Damko&hler number (stretch rate) can be given as

1 C Ly (T
a H %f exp(LeFx%) Yor \ T % P T¢
M Y
C= ﬁ (36)
2k0VopL

It can be easily proven that Eq. (36) again reduces to
the result of [23] if the Lewis numbers of fuel and oxi-
dizer are unity.

6. Results and discussions

The solution of flame temperature as a function of
stretch rate can be obtained directly by using Egs.
(36), (35), (28), (22) and (10). Our goal here is to
examine the radiation extinction limit and the flam-
mability limit. It is known that both the stretch extinc-
tion and the radiation extinction occur at xy — ¢ [13—
17]. Therefore, by taking the limit of x; — 0 and using
the fact that m is small at extinction limit, Eq. (36)
reduces to

Lo (LY (), )
ae 7[( Yoo — YEco eO/LeF) P Tt ’

The left-hand side of the above equation is a hyper-
bolic function of 4. and the right-hand side is an expo-

nential function of . [Ty = T¢(d.)]. Therefore, Eq. (37)
has two solutions when the fuel concentration is high

1-3 A Al T T T T T
Leo=1.1
Ler=0.9

F(Ler,LeosXp)
~

/
F(Ler,xg)

Fig. 2. The dependence of the Lewis number effect on flame
location.

enough. The two solutions are respectively the stretch
extinction limit and the radiation extinction limit. As
the fuel concentration decreases, these two solutions
approach each other and the resulting merging point is
the flammability limit of the radiative stretched flame.
Eq. (37) can be solved directly by using Newton iter-
ation and it converges so quickly that only several lim-
ited steps are required. In the limiting case of zero
upstream radiation heat loss, the expression of the
flame temperature at the flammability limit can be
given as

E :B+T[5<2+ L) CLeF
2 Tt

(YOoo - YFoo\/ eO/LeF)T

T, \> T,
(73) ool3) &

The above equation clearly shows that a larger radi-
ation heat loss or fuel Lewis number results in flame
extinction at a larger flame temperature.

In the following calculations, the thermal and chemi-
cal parameters are chosen according to a typical hy-
drocarbon fuel/air mixture. They are 0=3.8 x 107 J/
kg, C,=1400 Jkg K, ko=13x10"" m’/mol/s,
Mp=0.016 kg/m®, p =10 kgm?® T,=09,
K,=23m-1, T,,=300 K, vo=2 and k = 1. The vari-
ation of F(Lef, Leo, x¢) and F(Leg, x¢) with the location
of flame front, which represent the Lewis number effect
on the local fuel and oxidizer concentrations, is plotted
in Fig. 2. It can be seen that though the Lewis num-
bers deviate from unity by only 0.1, the Lewis number
effect is considerable. The results also show that the
Lewis number effect becomes negligible when the flame
is far away from the stagnation plane. However, the
Lewis number effect plays an increasing role in affect-
ing the local fuel and oxidizer concentrations as the
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107} T T T
a=100
< N
=)
104} 4
N
a=500
10° 5 7 1 L
0 0.5 1 1.5 2
Xy

Fig. 3. The dependence of radiation heat loss on flame lo-
cation and stretch.

flame moves towards the stagnation plane. This result
agrees with the previous experimental observations and
numerical calculation [13].

Fig. 3 shows the non-dimensional radiation heat loss
as a function of flame location at stretch rate of
100 s~ and 500 s~'. It can be seen that radiation heat
loss increases dramatically as the flame separation dis-
tance increases. This is because the downstream burned
gas volume increases and results in an increase of the
total radiation heat loss. In addition, as the stretch
rate goes down, the radiation heat loss also increases.
This implies that the total radiation heat loss strongly
depends on the residence time of the emitting gases.
This result gives a clear explanation why the low
stretched flame suffers larger influence of radiation
heat loss. In the calculation of [23], the radiation heat
loss term is set to a constant. Therefore, the radiation

Stretch rate at extinction, a.

0.05 0.055 0.06 0.065
Yy

Fig. 4. The effect of fuel Lewis number on flammability limit
and radiation extinction.

—
=
T
T

—_
=
]
T

[
=]
=
T

Stretch rate at extinction, a,
[on
=]

—
d
o

0.055 0.06 0.065
Yo

o
=
a

Fig. 5. The effect of upstream radiation heat loss on the
flammability limit and radiation extinction.

heat loss depends neither on the flame location nor on
the stretch rate. As a result, the radiation extinction
limit at low stretch rate and the flammability limit can-
not be predicted.

The effects of fuel Lewis number on the flammability
limit and the extinction limit are shown in Fig. 4. The
oxidizer Lewis number is unity and the upstream radi-
ation heat loss is set to zero here. Fig. 4 shows that for
a given fuel concentration, there are two extinction
limits. The upper one is the stretch extinction limit and
the lower is the radiation extinction limit. At the upper
extinction limit an excessive stretch quenches the flame
due to incomplete combustion. While at the lower
extinction limit a very low stretch also quenches the
flame due to large residence time of the emitting gas.
Thus, flame can only exist at a moderate stretch rate
at which the Lewis number effect enhances the flame
strength. It can be seen that as the fuel Lewis number
decreases, the stretch extinction shifts to a larger
stretch rate and the radiation extinction limit moves to
a lower stretch rate. As a result, the flammability limit
decreases. This effect can be easily understood from
Eq. (36). Eq. (36) shows that the lower the Lewis num-
ber, the higher the adiabatic flame temperature and
thus the flame can survive larger radiation heat loss.

Fig. 4 also shows that even for Lewis number larger
than unity, the C-shaped extinction curve still exists.
This result supports the conclusion of the numerical
study [15]. However, the flammable region becomes
narrow and the flammability limit increases which is
again in agreement with the detailed numerical calcu-
lation [15].

The effect of the upstream heat loss on the flamm-
ability limit is shown in Fig. 5. It can be seen that the
upstream radiation heat loss has only negligible effect
on the stretch extinction. This is because the preheat
zone is so thin that the upstream radiation heat loss is
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Lep=1.1
Leo=1.0

&

=3

~1
T

0.06

0.05

Flame temperature at extinction, T¢

0.04 L L
0.05 0.055 0.06 0.065

Yo

Fig. 6. The effect of upstream radiation heat loss on flame
temperature at extinction.

very small compared with the chemical heat release.
However, the upstream radiation heat loss has a con-
siderable effect on both the flammability limit and the
radiation extinction limit. Therefore, the neglect of the
upstream radiation heat loss results in an over-predic-
tion of the flammable region. The corresponding tem-
perature curves with and without upstream radiation
heat loss are plotted in Fig. 6. It can be easily under-
stood that the reason why the flammable region
narrows is because the flame is subjected to larger heat
loss and thus quenches at a larger temperature.

The effect of the oxidizer Lewis number is shown in
Fig. 7. It can be seen that the oxidizer Lewis number
has a much smaller effect on the flammability limit
compared with the fuel Lewis number. Therefore, an
equal Lewis number approximation of the reactants is
appropriate for the analysis of the extinction of the
stretched premixed flame.

T

1°F  Lg=1.0
< qr=
g
g 10°t
£
£ /
e v
o \‘
- P
B 10'F Lo=09
3
-]
S
=
< 1 1
=
]

10'1 L L

0.05 0.055 0.06 0.065

Yo

Fig. 7. The effect of oxidizer Lewis number on extinction
limit.
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Stretch rate at extinction, a,
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0.055 0.06 0.065
Yro

e
=
xR

Fig. 8. The effect of non-linearity of radiation on the extinc-
tion limit.

Finally, the effect of the non-linearity of the radi-
ation is shown in Fig. 8. ¢,=0.2 and 0.5, respectively,
correspond to the nonlinear radiation heat loss of Eq.
(3) and a linearized heat loss. In these two cases, the
peak radiation heat losses at the flame front are
assumed the same. It can be seen that the non-linearity
of the radiation heat loss has a great impact on both
the stretch extinction limit and the radiation extinction
limit and the use of a linearized heat loss results in a
larger flammability limit and a narrow flammable
region. It should be noted that the effect of the non-
linearity of the radiation heat loss on the stretch
extinction for a real flame is not as large as that shown
in Fig. 8 because the flame subjects to a much larger
heat loss via the incomplete combustion. However, at
the radiation extinction limit, the radiation heat loss is
dominant. Therefore, the non-linearity of radiation is
important to radiation extinction.

7. Conclusion

The flammability limit and radiation extinction of
stretched premixed flame with radiation heat loss and
non-unity Lewis number are analyzed by the large acti-
vation energy asymptotic method. Explicit expressions
for the stretch and radiation extinction limits as well
as the flammability limit are obtained and the C-
shaped extinction curve is reproduced. It is shown that
radiation heat loss strongly depends on flame separ-
ation and stretch rate. A low stretch rate can quench
the flame by radiation heat loss. The results showed
that the C-shaped extinction curve still exists at a fuel
Lewis number larger than unity. It is also shown that
the fuel Lewis number has a much larger impact on
the flammable region than the oxidizer Lewis number.
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A decrease of the fuel Lewis number dramatically
extends the flammability limit. In addition, the results
also show that the upstream radiation heat loss is im-
portant and cannot be neglected in the prediction of
the radiation extinction limit. Moreover, the results in-
dicate that the non-linearity of the radiation heat loss
has a great impact on the flammability limit and the
radiation extinction. The linearized approximation of
radiation heat loss may result in under prediction of
the flammability limit.
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